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A preliminary estimation of gravitational waves (GWs) from the extreme-mass-ratio-inspirals
(EMRIs) system in the Galactic Centre (GC) is given for the 37 observed S-stars revolving around
the supermassive black hole (SMBH) at Sagittarius (Sgr) A*. Within this century, the total strain
of the gravitational waveform calculated from the post-Newtonian (PN) method with eccentricity
is well below the current planned sensitivity of pulsar-timing-array (PTA). New technology might
be required in order to extract GW signal from this EMRIs system for future PTA detections.
I. INTRODUCTION
There is a considerable observational evidence for the
existence of a supermassive black hole (SMBH) with
roughly four million solar masses at Sagittarius (Sgr) A*
in the Galactic Centre (GC) [For review, see 1], sup-
ported by the observed orbits of many S-stars from close
monitoring over the past few decades [See, for example,
2]. It has been expected in [3, 4] that around 2018 a
full data of 16-year-period orbit of the star S2 would
reveal much information on relativistic effect. It turns
out that, the recent result [5] from the GRAVITY Col-
laboration has eliminated the pure Newtonian dynamics
from S2 data, which has also been used for testing some
modified gravity theories in the previous literatures [See,
for example, 6–9]. Therefore, our Milky Way centre is a
valuable play yard for the test of new physics [10]. The
current means to explore our GC are electromagnetic-
wave (EMW) observations, for example, the Event Hori-
zon Telescope (EHT) Very Long Baseline Interferometry
(VLBI) observations and the infrared interferometry ex-
periment GRAVITY at the Very Large Telescope Inter-
ferometer (VLTI) and other experiments like the X-ray
observations.
Meanwhile, the coming era of gravitational-wave (GW)
astronomy [11, 12] provides us a new way approach-
ing the center of Milky Way. A stellar-mass object re-
volving around a Sgr A* SMBH could be served as an
extreme-mass-ratio-inspirals (EMRIs) system in the GC
[13]. Compact object like dwarfs, neutron stars and stel-
lar BHs are not subject to tidal disruption, therefore they
can reach very close to the SMBH and thus emit GW sig-
nals during the last coalescence phase of merger [14–18],
which can be detected by the future space-borne GW de-
tectors like LISA [19], Taiji [20–22], DECIGO [23] and
BBO [24]. Detections of GWs events from such EMRIs
system could probe the spacetime metric around the cen-
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tre SMBH, which gives rise to the independent measure-
ments on the mass and spin [25]. The modified gravity
theories can also be constrained by measuring any devi-
ation from Kerr metric through the peribothron as well
as Lense-Thirring precession [26].
However, the current observations on the Sgr A*
SMBH also give us many S-stars that are not compact
enough to survive the tidal disruption [27–29], therefore
we can only detect such GW signals during current in-
spiral phase through pulsar-timing-array (PTA) observa-
tions, which to our best knowledge has not been specif-
ically discussed in the literatures. Nevertheless, we still
point out here some previous literatures addressing sim-
ilar issues. In [30], it was claimed by simulatioins that
there must be one to a few low-mass main sequence stars
sufficiently bound to the Sgr A* SMBH to be conspicuous
sources in LISA observations. In [31], the prospect of de-
tecting GWs background by PTA observations from the
intermediate-mass-black-holes (IMBHs) and stellar BHs
orbiting around Sgr A* SMBH was estimated, although
we have yet no convincing evidence for identifying any of
such BHs in GC. In [32], it was shown that mass leak-
age occurs through the outer Lagrange point L2 could
accelerate the time-evolution of the EMRIs system of a
main-sequence star and a SMBH, resulting in a GW sig-
nal detectable by future space-borne GW detectors.
The arrangement of this paper is as follows: In Sec.II,
the post-Newtonian (PN) method with eccentricity is
outlined for binary BHs (BBHs) with arbitrary mass ra-
tio; In Sec.III, the total strain of the gravitational wave-
forms from 37 observed S-stars is given. Sec.IV is de-
voted to conclusion. For reference, the dataset and grav-
itational waveforms for each S-star are given in the Ap-
pendix V A and V B, respectively.
II. THE GWS FROM ECCENTRIC BBHS
SYSTEM
In this section, we follow closely the paper [33] [See
also 34–53, for the 0PN, 1PN, 1.5PN, 2PN, 3PN and
3.5PN results] on the eccentric PN model since only the
early-stage inspiral phase is considered in our case. In
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2what follows, the 3PN conservative quasi-Keplerian or-
bit equations are solved with the solutions from the 2PN
truncated adiabatic evolution equations of the orbital ele-
ments to construct the adiabatic PN waveform to leading
Newtonian order.
The system under consideration is made up of two
point particles of masses m1 and m2. The total mass
, the reduced mass and the symmetric mass are denoted
as M = m1 + m2, µ = m1m2/M and η = µ/M , respec-
tively. The unit convention is G = c = 1.
In Newtonian case, the conservations of energy E and
angular momentum J can be expressed in terms of the
eccentricity e and mean motion n, which can be related
to the orbital period P and the semi-major axis a by
n = 2pi/P = a−3/2M1/2. Then the conservative orbital
dynamics of the relative orbital radius r and angular fre-
quency φ˙ is given by
r = a(1− e cosu); (1)
φ˙ =
n
√
1− e2
(1− e cosu)2 , (2)
where the eccentric anomaly u satisfies the Kepler’s equa-
tion l = u − e sinu with the mean anomaly l given by
l˙ = n. For constant n and e, the above conservative
orbital dynamics can be solved for the input initial con-
ditions φ0 ≡ φ(t0) and l0 ≡ l(t0).
In the PN case, the quasi-Keplerian parametrization
gives rise to three eccentricities, et, er, and eφ signify-
ing the deviations from circlar motion in t, r, and φ.
As stated in [33], it is sufficient to consider just et, or
e for short. In [33], it is also shown that the dubbed
x-model can match the numerical relativity much bet-
ter than the usual n-model. Here x ≡ (Mω)2/3 with
ω ≡ (2pi + ∆φ)/P , where ∆φ is the angle of precession
of the pericenter during one orbit of period P .
First, one solves the 2PN truncated adiabatic evolution
equations of the orbital elements
Mx˙ =
2η
15(1− e2)7/2 (96 + 292e
2 + 37e4)x5 + x˙1PNx
6
+ x˙1.5PNx
13/2 + x˙2PNx
7 +O(x15/2), (3)
Me˙ =
−eη
15(1− e2)5/2 (304 + 121e
2)x4 + e˙1PNx
5
+ e˙1.5PNx
11/2 + e˙2PNx
6 +O(x13/2), (4)
for the given initial conditions x0 ≡ x(t0) and e0 ≡ e(t0).
Here the PN coefficients are given in the appendix of [33].
Then, one solves the 3PN conservative quasi-Keplerian
orbit equations
r/M =(1− e cosu)x−1 + r1PN + r2PNx+ r3PNx2
+O(x3), (5)
Mφ˙ =
√
1− e2
(1− e cosu)2x
3/2 + φ˙1PNx
5/2 + φ˙2PNx
7/2
+ φ˙3PNx
9/2 +O(x11/2), (6)
l = u− e sinu+ l2PNx2 + l3PNx3 +O(x4), (7)
Ml˙ = Mn = x3/2 + n1PNx
5/2 + n2PNx
7/2
+ n3PNx
9/2 +O(x11/2), (8)
with input time-varying solutions x(t) and e(t). Here
the PN coefficients are given in the appendix of [33]. To
be more specific, one first integrates (8) to obtain l(t)
with integration constant l0 ≡ l(t0), and then one solves
u(t) from (7) by root-finding with l(t), and next one can
compute r(t) directly from (5), and φ˙(t) directly from
(6). At last, the r˙(t) and φ(t) can be obtained by numer-
ically differentiating and integrating the r(t) and φ˙(t),
respectively, with integration constant φ0 ≡ φ(t0).
Finally, with the solutions of r(t) and φ˙(t) (and also
r˙(t), φ(t)) in hand, one can express the complex PN wave-
form strain to the leading Newtonian order as
h = h+ − ih× (9)
h+ =− Mη
R
{
(1 + cos2 θ)
[
cos 2φ′
(
− r˙2 + r2φ˙2 + M
r
)
+ 2rr˙φ˙ sin 2φ′
]
+
(
− r˙2 − r2φ˙2 + M
r
)
sin2 θ
}
,
(10)
h× =− 2Mη
R
cos θ
{(
− r˙2 + r2φ˙2 + M
r
)
sin 2φ′
− 2rr˙φ˙ cos 2φ′
}
, (11)
where φ′ = φ− ϕ, R is the radial distance to the binary,
and θ and ϕ are the spherical polar angles of the observer
in the orbital plane.
III. THE TOTAL GW STRAIN FROM 37
S-STARS
The mass MSMBH = 4.02 × 106M and distance
R = 7.86 kpc of Sgr A* SMBH are adopted from [2]. The
data set of S-stars orbiting around the Sgr A* SMBH is
taken from [54], where the semi-major axis a [arcsec], the
numerical eccentricity e, the inclination angle i [degrees],
the position angle of the ascending node Ω [degrees], the
longitude of periastron ω [degrees], the epoch of perias-
tron passage tP [year] and the K-band apparent magni-
tude mK are provided as referred here in the Table I.
The masses for each S-star are also not specified in [54],
which will be estimated later in the last column of Table
I.
The intial time is chosen at t0 = tP so that l0 = 0 and
φ0 = 0. The spherical polar angle θ of the observer in the
orbital plane is simply equal to the inclination angle i,
which measures the angle between the orbital plane and
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FIG. 1. An illustration of the conventions used in our calculations. The observation frame (red arrow lines) is the usual elliptical
coordinate, where the direction of SMBH is along the unit vector nˆ. The source frame (magenta arrow lines) contains two
polarization unit vectors pˆ and qˆ in addition to nˆ. pˆ goes through the ascending node, which is the endpoint of the intersection
line between the orbit plane and the tangent plane to the elliptical sphere. Two different orbits (cyan ellipse and blue ellipse)
are shown with the same orbit angular momentum L labeled by the green arrow line, whose inclination angle from the orbit
plane to the tangent plane is labeled by i. The cyan ellipse is speciall since its minor axis is exactly along pˆ, thus the projections
of both nˆ and qˆ on the cyan orbit plane exactly go through the periastron. In this case, the angle ω from the ascending node
to the periastron is exactly pi/2. The blue ellipse with arbitrary angle ω is shown for a general orbit. The direction of observer
is specified by the two polar anle θ and ϕ, which can be determined by θ = i and ϕ = 3pi/2−ω as shown from the illustration.
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FIG. 2. The total amplitudes of the two polarizations for 37 observed S-stars orbiting around the Sgr A* SMBH in GC with
respect to the observation year within this century.
4the plane tangential to the celestial sphere as shown in
the upper left part of Fig.1. It is between 0◦ and 90◦ for
counter-clockwise apparent motion, and between 90◦ and
180◦ for clockwise apparent motion. As explicitly shown
in Fig.1, the other spherical polar angle is given by
ϕ = pi ± (±pi
2
∓ ω) = 3
2
pi − ω (12)
with the upper sign for counter-clockwise apparent mo-
tion, and the lower sign for clockwise apparent motion.
This simple relation is limited to the case without the
rotation of SMBH [47] (See [14, 55] for the general case).
We hope to report elsewhere the general case of a spining
SMBH.
To estimate the masses for each S-star, one can first
combine the definition of bolometric magnitude
M = Mbol − 2.5 lg
L
L
, Mbol = 4.74 (13)
with the definition of K-band BC correction
BCK = m−K = M −MK (14)
to give rise to
lg
L
L
= −0.4(MK +BCK −Mbol ). (15)
Then one can replace the bolometric magnitude M with
K-band apparent magnitude mK by
mK = MK + 5 lg
D
10 pc
+ δK , (16)
where the distance could be chosen roughly as D = 8 kpc
and the K-band extinction δK = 2.4. Next, one can
also replace the BC correction BCK by the semiempirical
relation adopted from [56],
BCK = AK lg Teff +BK , AK = −7.24, BK = 28.8
(17)
where the effective temperature Teff of star can be esti-
mated by the Stepan’s law L ∝ RT 4, namely
lg
L
L
= 2 lg
R
R
+ 4 lg
Teff
Teff
, Teff = 5800 K. (18)
Finally, after inserting the semiempirical relations
lg
L
L
= AL lg
M
M
+BL; (19)
lg
R
R
= AR lg
M
M
+BR, (20)
one eventually obtains
lg
M
M
= kmK + b, (21)
where
k = − 2
5a
; (22)
b =
1
a
(
BL +
2
5
(
−5 lg D
10pc
− δK −Mbol
+AK
(
BL
4
− BR
2
)
+BK +AK lg T
))
(23)
with
a ≡ AL + 2
5
AK
(
AL
4
− AR
2
)
(24)
The linear coefficients k = −0.192 and b = 3.885 can be
simply calibrated from a smaller data set [57] by naively
fitting the determined masses and K-band magnitudes.
Although the mass refereed from the K-band magnitude
is generally smaller than the true mass [57], however,
the EMRIs system is actually dominated by the SMBH,
whose mass is much larger than the mass of stars. There-
fore the precise values in the last column of Table I are
not important since it makes little difference on the final
results of gravitational wavefroms.
Using above data for the 37 observed S-stars orbiting
around the Sgr A* SMBH, one can directly calculate the
gravitational waveforms for each S-star as presented in
the appendix V B. The GW frequency is at the order of
decades, namely nHz band for PTA observations. The
total gravitational waveforms for the amplitudes of the
two polarizations are presented in Fig.2, where the GW
signal is dominated by the S2 star, but the total am-
plitude 10−20 ∼ 10−19 is well below the sensitivity of
current planned PTA observations, say 10−15 ∼ 10−14 as
reviewed in [58].
IV. CONCLUSIONS
Our GC may be the most important laboratory for
testing the EMRIs system against new physics since there
are much appealing evidences for the presence of a SMBH
at Sgr A*. Previous studies have revealed the exciting
possibility to detect the GW signals from the compact
objects orbiting around this SMBH within the sensitiv-
ity range of future space-borne GW detectors like LISA,
Taiji, DECIGO and BBO. In this paper, we explore the
possibility that if one can detect the GW signal from the
non-compact main sequence stars orbiting around the Sgr
A* SMBH. The gravitational waveforms are explicitly
calculate from an eccentric PN model for 37 observed S-
stars, and the total amplitudes for each polarization are
well below the sensitivity of current planned PTA obser-
vations, which might require new technology other than
extending the observation time in order to extract GW
signal from this EMRIs system for future PTA detections.
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V. APPENDIX
A. The data set of 37 S-stars
B. The waveforms of 37 S-stars
6TABLE I. The dataset of 37 S-stars we used in this paper for estimating the gravitational wavefrom adopted from [54], where
the semi-major axis a [arcsec], the numerical eccentricity e, the inclination angle i [degrees], the position angle of the ascending
node Ω [degrees], the longitude of periastron ω [degrees], the epoch of periastron passage tP [year], the K-band apparent
magnitude mK , and the star mass mstar referred from the K-band apparent magnitude are shown below.
Star a[”] e i [◦] Ω [◦] ω [◦] tP [yr] T [yr] mK mstar[M]
S1 0.595± 0.024 0.556± 0.018 119.14± 0.21 342.04± 0.32 122.3± 1.4 2001.80± 0.15 166.0± 5.8 14.7 11.36
S2 0.1255± 0.0009 0.8839± 0.0019 134.18± 0.40 226.94± 0.60 65.51± 0.57 2002.33± 0.01 16.00± 0.02 13.95 15.84
S4 0.3570± 0.0037 0.3905± 0.0059 80.33± 0.08 258.84± 0.07 290.8± 1.5 1957.4± 1.2 77.0± 1.0 14.4 12.98
S6 0.6574± 0.0006 0.8400± 0.0003 87.24± 0.06 85.07± 0.12 116.23± 0.07 2108.61± 0.03 192.0± 0.17 15.4 8.33
S8 0.4047± 0.0014 0.8031± 0.0075 74.37± 0.30 315.43± 0.19 346.70± 0.41 1983.64± 0.24 92.9± 0.41 14.5 12.42
S9 0.2724± 0.0041 0.644± 0.020 82.41± 0.24 156.60± 0.10 150.6± 1.0 1976.71± 0.92 51.3± 0.70 15.1 9.52
S12 0.2987± 0.0018 0.8883± 0.0017 33.56± 0.49 230.1± 1.8 317.9± 1.5 1995.59± 0.04 58.9± 0.22 15.5 7.97
S13 0.2641± 0.0016 0.4250± 0.0023 24.70± 0.48 74.5± 1.7 245.2± 2.4 2004.86± 0.04 49.00± 0.14 15.8 6.98
S14 0.2863± 0.0036 0.9761± 0.0037 100.59± 0.87 226.38± 0.64 334.59± 0.87 2000.12± 0.06 55.3± 0.48 15.7 7.29
S17 0.3559± 0.0096 0.397± 0.011 96.83± 0.11 191.62± 0.21 326.0± 1.9 1991.19± 0.41 76.6± 1.0 15.3 8.71
S18 0.2379± 0.0015 0.471± 0.012 110.67± 0.18 49.11± 0.18 349.46± 0.66 1993.86± 0.16 41.9± 0.18 16.7 4.68
S19 0.520± 0.094 0.750± 0.043 71.96± 0.35 344.60± 0.62 155.2± 2.3 2005.39± 0.16 135± 14 16. 6.39
S21 0.2190± 0.0017 0.764± 0.014 58.8± 1.0 259.64± 0.62 166.4± 1.1 2027.40± 0.17 37.00± 0.28 16.9 4.29
S22 1.31± 0.28 0.449± 0.088 105.76± 0.95 291.7± 1.4 95± 20 1996.9± 10.2 540± 63 16.6 4.90
S23 0.253± 0.012 0.56± 0.14 48.0± 7.1 249± 13 39.0± 6.7 2024.7± 3.7 45.8± 1.6 17.8 2.88
S24 0.944± 0.048 0.8970± 0.0049 103.67± 0.42 7.93± 0.37 290± 15 2024.50± 0.03 331± 16 15.6 7.62
S29 0.428± 0.019 0.728± 0.052 105.8± 1.7 161.96± 0.80 346.5± 5.9 2025.96± 0.94 101.0± 2.0 16.7 4.68
S31 0.449± 0.010 0.5497± 0.0025 109.03± 0.27 137.16± 0.30 308.0± 3.0 2018.07± 0.14 108.± 1.2 15.7 7.29
S33 0.657± 0.026 0.608± 0.064 60.5± 2.5 100.1± 5.5 303.7± 1.6 1928± 12 192.0± 5.2 16. 6.39
S38 0.1416± 0.0002 0.8201± 0.0007 171.1± 2.1 101.06± 0.24 17.99± 0.25 2003.19± 0.01 19.2± 0.02 17. 4.10
S39 0.370± 0.015 0.9236± 0.0021 89.36± 0.73 159.03± 0.10 23.3± 3.8 2000.06± 0.06 81.1± 1.5 16.8 4.48
S42 0.95± 0.18 0.567± 0.083 67.16± 0.66 196.14± 0.75 35.8± 3.2 2008.24± 0.75 335± 58 17.5 3.28
S54 1.20± 0.87 0.893± 0.078 62.2± 1.4 288.35± 0.70 140.8± 2.3 2004.46± 0.07 477± 199 17.5 3.28
S55 0.1078± 0.0010 0.7209± 0.0077 150.1± 2.2 325.5± 4.0 331.5± 3.9 2009.34± 0.04 12.80± 0.11 17.5 3.28
S60 0.3877± 0.0070 0.7179± 0.0051 126.87± 0.30 170.54± 0.85 29.37± 0.29 2023.89± 0.09 87.1± 1.4 16.3 5.59
S66 1.502± 0.095 0.128± 0.043 128.5± 1.6 92.3± 3.2 134± 17 1771± 38 664± 37 14.8 10.87
S67 1.126± 0.026 0.293± 0.057 136.0± 1.1 96.5± 6.4 213.5± 1.6 1705± 22 431± 10 12.1 35.97
S71 0.973± 0.040 0.899± 0.013 74.0± 1.3 35.16± 0.86 337.8± 4.9 1695± 21 346± 11 16.1 6.11
S83 1.49± 0.19 0.365± 0.075 127.2± 1.4 87.7± 1.2 203.6± 6.0 2046.8± 6.3 656± 69 13.6 18.50
S85 4.6± 3.30 0.78± 0.15 84.78± 0.29 107.36± 0.43 156.3± 6.8 1930.2± 9.8 3580± 2550 15.6 7.62
S87 2.74± 0.16 0.224± 0.027 119.54± 0.87 106.32± 0.99 336.1± 7.7 611± 154 1640± 105 13.6 18.50
S89 1.081± 0.055 0.639± 0.038 87.61± 0.16 238.99± 0.18 126.4± 4.0 1783± 26 406± 27 15.3 8.71
S91 1.917± 0.089 0.303± 0.034 114.49± 0.32 105.35± 0.74 356.4± 1.6 1108± 69 958± 50 12.2 34.41
S96 1.499± 0.057 0.174± 0.022 126.36± 0.96 115.66± 0.59 233.6± 2.4 1646± 16 662± 29 10. 91.24
S97 2.32± 0.46 0.35± 0.11 113.0± 1.3 113.2± 1.4 28± 14 2132± 29 1270± 309 10.3 79.88
S145 1.12± 0.18 0.50± 0.25 83.7± 1.6 263.92± 0.94 185± 16 1808± 58 426± 71 17.5 3.28
S175 0.414± 0.039 0.9867± 0.0018 88.53± 0.60 326.83± 0.78 68.52± 0.40 2009.51± 0.01 96.2± 5.0 17.5 3.28
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